Abstract. We derive a new integral formula for the Stieltjes constants. The new formula permits easy computations as well as an exact approximate asymptotic formula. Both the sign oscillations and the leading order of growth are provided. The formula can also be easily extended to generalized Euler constants.
Introduction
The Stieltjes constants γ n are defined as the coefficients of Laurent series expansion of the Riemann zeta function at s = 1 [2] :
where γ 0 = 0.5772156649 is known as Euler's constant. Exact and asymptotic formulas as well as upper bounds for the Stieltjes constants have been a subject of research for many decades [3, 2, 7, 9, 11, 10, 12, 14] . The approach to estimate the Stieltjes constants is always deterministic except the paper [1] where a probabilistic approach is undertaken. The main reason to estimate the Stieltjes constants is that these constants and their generalization , known as Generalized Euler constants, have many applications in number theory. This paper is a continuation of this line of research. We will give a new effective asymptotic formula for the Stieltjes constants. With the formula we obtain the sign oscillations and the leading order of growth of the Stieltjes constants. We will show that our results match those of [9] which may be considered very accurate compared to other results.
A New Formula for The Stieltjes Constants
Let φ(t) be the real function defined by
.
In a previous article we have obtained the following integral representation of the Riemann zeta function: Theorem 2.1 ( [6] ). With φ(t) as above, and for all s such that Re(s) > −k, we have
If we chose k = 1 and we call
then Theorem 2.1 provides the following formula valid for all s such that Re(s) > −1
If we now replace s by 1−s in equation (2.4) with the assumption that Re(1−s) < 2, we get
The functional equation for the Riemann zeta function states that
Multiplying both sides of the last equation by s(s − 1) and using (2.5), we obtain
By observing that (2π) s−1 = e (s−1) log(2π) , that t 1−s = e −(s−1) log(t) and that 2 sin(
, we can rewrite (2.7) as (2.8)
where a is the fixed complex number a = log(2π) + i π 2 . Finally, since the left hand side of (2.8) is analytic at s = 1 it has a Taylor series expansion (2.9)
where the coefficients µ n are given by
This gives our first main result 1 : Theorem 2.2. With µ(t) and the constant a defined as above, the coefficients µ n are given by
Once we have the coefficients µ n of the power series for s(s − 1)ζ(s), the Stieltjes coefficients γ n can be calculated using power series multiplication:
This immediately yields (2.14)
The last formula can be simplified even further. Indeed, the sum inside the integral is a truncated sum of the exponential series e log t−a = te −a . This yields, 
2π } = 0. Hence, the leading term of an asymptotic expansion of γ n is equal to
n+2 dt + higher order terms, and we have our second main result:
Theorem 2.3. With µ(t) defined as above, the Stieltjes constants γ n can be approximated by
Theorem 2.3 permits an exact asymptotic evaluation of the constants µ n and γ n . It is the subject of the next section.
Asymptotic Estimates of The Stieltjes Constants
This section is dedicated to approximating the complex-valued integral
There are mainly two methods used for the asymptotic evaluation of complex integrals of the form (3.1) when n is large: the steepest descent method or Debye's method and the saddle-point method [4] . By rewriting I n in a suitable form, we find that the saddle-point method provides the solution to our asymptotic analysis. Let
then by the change of variables t = nz, our integral becomes
If we define
then the saddle-point method consists in deforming the path of integration into a path which goes through a saddle-point at which the derivative f ′ (z), vanishes.
If z 0 is the saddle-point at which the real part of f (z) takes the greatest value, the neighborhood of z 0 provides the dominant part of the integral as n → ∞ [4, p. 91-93]. This dominant part provides an approximation of the integral and it is given by the formula
In our case, we have
, and (3.6)
The saddle-point z 0 should verify the equation
The last equation is of the form v log v = b whose solution can be explicitly written using the principal branch 2 of the Lambert W -function [5] :
After some algebra, the saddle-point solution to our equation (3.8) is thus given by
and at the saddle-point, we have the values
The saddle-point approximation of our integral (3.1) is given by the formula:
It turns out that g(t) can be very well approximated by (3.14)
g(t) =
Moreover, when n is large, g(nz 0 ) can also be very well approximated 3 by
so that we obtain the final approximation
If we recall the formulas µ n = 2 n! Re {I(n)} , and (3.17) γ n = n!µ n+2 , (3.18) then by Theorem 2.3, we deduce an approximation of the Stieltjes constants γ n :
) , where W is the Lambert W -function.
An approximate formula for the Stieltjes constants for large n is
We can also find an asymptotic formula of γ n as a function of n only by resorting to the following asymptotic development of the principal branch of W (z) [5] :
For n ≫ 1 we can write and after some easy algebraic manipulations, we obtain the oscillations and the leading order of growth of the Stieltjes constants:
Both the oscillations and the leading order of growth match the results of [9] .
Numerical Results
We implemented the formula of Theorem 3.1 in Maple TM . For a given value of n, the following code computes the value of the n th Stieltjes constant γ n :
w0 := LambertW(I*(n+2)/(2*Pi)): z0:=2*Pi*exp(w0)/(I*(n+2)): f:=-z0-ln(z0): fpp := -1-1/z0: gamman:= evalf(Re(2*((n+2)*z0-1)*sqrt((-2*Pi)*(1/((n+2)*fpp))) *exp((n+2)*f)/(n+1))); The approximation (3.19) was examined and compared to the exact values for n from 1 to 1000 given in [7, 8] . For small values of n (n ≤ 150), we have also used the following code to verify the n th Stieltjes coefficient:
coef:=n!.(−1) n .evalf(coeftayl((s-1)*Zeta(s), s = 1,n+1)); Table 1 below displays the approximate value of γ n and the exact known values for n from 2 to 20. Table 2 displays the approximate value of γ n and the exact known values for higher values of n.
We can see that the asymptotic formula is a good approximation of the exact Stieltjes constants except at n = 137 where the approximation fails to give the correct sign of γ 137 . Curiously, the asymptotic formula of Knessl et al [9] fails also to give the correct sign of γ 137 . It seems that the two asymptotic formulas are unrelated to each other 4 . Thus, the point n = 137 is inherently a badly conditioned point for both asymptotic formulas. For instance, with a small perturbation of n = 137, the formula above gives the value 0.001041695409.10 29 for n = 137.017, and the value −0.1059515438.10 29 for n = 137.018. This shows that the point n = 137 is numerically ill-conditioned. This ill-conditioning can be explained by the fact that the saddle-point equation of [9, eq. (2.4)] and the saddle-point equation (3.2) both involve the evaluation of W ( ni 2π ).
TM Maple is a trademark of Waterloo Maple Inc. 4 The approximation formula of [9] is given by γn ≈ − ∞ 0 sin(πe t ) π t n−1 e −t (n − t) dt, whereas our approximation formula is γn ≈ − 1 (n+1)(n+2) ∞ 0 2µ(t)Re (log t − a) n+2 dt. The author unsuccessfully tried to derive a relationship between the two formulas. Table 2 . Stieltjes constants γ n and their approximate values given by Theorem 3.1 for different values of n.
Conclusion and Extensions
The analysis of this paper can be generalized to find effective asymptotic formulas for the generalized Euler constants γ n (a) defined as the coefficients of the Laurent series of the Hurwitz zeta function ζ(s, a) at the point s = 1 or at any other point of the complex plane. Instead of formula (2.2) of Theorem 2.1, we use the formula from [6] It would be interesting to compare the formulas with the results and conjectures of Kreminski who has done extensive computations on the generalized Euler constants [10] .
